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Continuity of Lifting Surface Theory
in Subsonic and Supersonic Flow

Tetsuhiko Ueda¤

National Aerospace Laboratory, Chofu 182-8522, Japan

The continuity of linear theory for lifting surfaces in subsonic and supersonic � ow is discussed. The unsteady
pressure kernel functions of the singular integral equation are summarized for all Mach numbers in the Laplace
transform domain. The sonic kernel in the steady � ow is obtained as a � nite limit from both the subsonic and
supersonic sides when the Mach number tends to unity. Numerical examples are given using the doublet-point
method with three different kernel functions, showing continuous results through the unit Mach number. The
results also show how a rectangular wing with various Mach numbers approaches to the two-dimensional airfoil
as the aspect ratio increases.

Introduction

T HE basic equation for lifting surfaces in unsteady potential
� ow was formulated by Küssner1 in 1940. The equation has

an integral form, and its kernel function includes differential oper-
ators that have to be inverted before reaching the solution for lift
distributions. The equation relates directly the lift distribution and
the disturbance velocity normal to the thin surfaces and is based on
Prandtl’s acceleration potential.2

Watkins et al.3 intensively investigated the kernel function of
subsonic � ow by deriving relevant forms for numerical calculation.
Many efforts were devoted to obtaining solutions,4;5 including the
case of the steady � ow that correspondsto a zero reducedfrequency.
Attemptshave also beenmade for supersonic� ow to obtain loaddis-
tributionson the thin wings by solving the singular integralequation
with the pressure kernel function.6 ;7

As for the formulation of the kernel function in the general con-
� guration includingnoncoplanarsurfaces,Landahl8 derived a com-
pact form of the unsteady kernel for subsonic � ow. Harder and
Rodden9 also formulated kernel functions for nonplanarsurfaces in
supersonic � ow. These pressure kernel functions led to the advent
of the doublet-point method (DPM), which uni� ed subsonic10 and
supersonic11 � ow, using discrete elements in the numerical calcula-
tion.

Although the lifting surface theory should be continuousthrough
all Mach numbers,not much effort hasbeendevotedto clarifyingthe
� owcharacteristicswith a sonicMachnumber, i.e., M D 1. This may
be attributedto two facts.One is the completely singularbehaviorof
two-dimensional� ow at a unit Mach number,which is related to the
Prandtl–Glauert factor12 of the subsonic similarity rule collapsing
at the sonic � ow. The other issue is an unrealistic assumption of the
linear lifting surfaces in sonic � ow, which cannot take into consid-
eration the wing thickness to render the intrinsic nonlinear effects
on a real wing. In spite of these issues, it is worthwhile to investigate
the continuity of the integral equations and their solutions through
the unit Mach number to comprehend the mathematical behavior
of the linear theory as a limiting case of the actual � ow.

The purpose of the present paper is to summarize the lifting sur-
face theory for all Mach numbers and to clarify the � nite continuity
of the noncoplanarkernel functions for steady� ow with sonic Mach
numbers, which can be realized as a limiting case for both subsonic
and supersonic � ow. The continuity of the numerical solutions is
also examined for � nite thin wings in sonic � ow by using the DPM.

Received Jan. 16,1998;revision received June1,1998;accepted for publi-
cation June 4, 1998. Copyright c° 1998 by Tetsuhiko Ueda. Published by the
American Institute of Aeronautics and Astronautics, Inc., with permission.

¤Director, Structures Division. Associate Fellow AIAA.

General Equations of the Lifting Surface Theory
The unsteady lifting surface theory for subsonic and super-

sonic � ow can be summarized for the noncoplanarcon� guration as
follows:

The basic singular integral equation in the Laplace domain that
relates the normal wash Wn perpendicular to the uniform � ow at a
certain point (x , s) in three-dimensionalspace to the lift distribution
L.»; ¾/ on the lifting surfaces can be written as

Wn.x; s/ D 1
8¼

Z Z
L.»; ¾ /K .p; M/ d» d¾ .1/

where K represents the kernel function dependent on the nondi-
mensional Laplace variable p and Mach number M . In the present
paper, all of the parameters are treated as nondimensionalquantities
unless otherwise mentioned. The lift distribution is assumed to be
normalized by the dynamic pressure of the uniform � ow. The vari-
able p is a complex value in general and can be written with the
so-called reduced frequency k as

p D Nsb=U D h C ik .2/

where the symbols Ns, h, and k denote the dimensional variable of
the Laplace transform, its nondimensional real part, and the imag-
inary part, respectively. The dimensional quantities b and U are a
representativelength and a uniform � ow speed. The kernel function
K has a general form as

K D e¡ px0 .T1 K1 ¡ T2 K2/ .3/

In this expression,T1 and T2 are the geometric factors for noncopla-
nar con� guration and can be given by

T1 D cos[° .y/ ¡ ° .´/] .4/

and

T2 D [z0 cos ° .y/ ¡ y0 sin ° .y/][z0 cos ° .´/ ¡ y0 sin ° .´/] .5/

The geometry of the lifting surface in the Cartesian coordinates is
shown in Fig. 1, and the variables are de� ned as

x0 D x ¡ »; y0 D y ¡ ´; z0 D z ¡ ³ .6/

and

R D
q

x2
0 C .1 ¡ M 2/r 2; where r D

q
y2

0 C z2
0 .7/

Further, if the parameters in subsonic � ow

X D
x0 ¡ M R

1 ¡ M 2
(8)

d D
p

X 2 C r 2 D R ¡ M X D M¡1.x0 ¡ X / (9)

1788



UEDA 1789

Table 1 Unsteady kernel functions

Kernel functions M < 1 M > 1

K1 .M=Rd/ epX C B1.p; r; X / .M=Rd1/ e¡ pX1 C .M=Rd2/ e¡pX2

C B1.¡p; r; X2/ ¡ B1.¡p; r; X1/

K2
M

R3d3
epX .pM Rd2 C 3Rd ¡ M2r2/

M

R3d3
1

e¡pX1
±

pM Rd2
1 C 3Rd1 ¡ M2r2

²

C 3B2.p; r; X / ¡ M

R3d3
2

e¡pX2
±

pM Rd2
2 C 3Rd2 C M2r2

²

C 3B2.¡p; r; X2/ ¡ 3B2.¡p; r; X1/

Fig. 1 Geometry of lifting surfaces.

or in supersonic � ow

X1 D
x0 ¡ M R

M2 ¡ 1
; X2 D

x0 C M R

M2 ¡ 1
(10)

d1 D
q

X 2
1 C r 2 D M X1 C R D M¡1.x0 C X1/

(11)

d2 D
q

X 2
2 C r 2 D M X2 ¡ R D M¡1.x0 C X2/

arede� ned, then thekernelfunctionsin Eq. (3)canbe summarizedas
shown in Table1, where thekernelfunctionvanishesin the upstream
region of the Mach cone for the supersonic � ow.

In the preceding expression, the function Bº .º D 1; 2/ has been
de� ned as

Bº.p; r; X/ D
Z X

¡1
epu.u2 C r 2/¡º ¡ 1

2 du .12/

This function is a type of extended cylindrical function belonging
to the special functions. The complex value of the function can be
calculated by using an in� nite series as follows13:

Bº. p; r; X / D
1X

m D 0

U .º/
m .p; r; X /

C
p2º

.2º ¡ 1/!! 2º

1X

n D 0

.¡1/n

n!.n C º/!

³
pr

2

´2n

£
³

nX

m D 1

1
m

C
n C ºX

m D n C 1

1

2m
¡ ° ¤ ¡

p

2

´
(13)

where ° ¤ denotes the Euler constant as ° ¤ D 0:5772156649: : : :
The terms U .º/

m of the summation in Eq. (13) can be calculated
through a recursive formula:

U .º/
m D

p.pX/m ¡ 1

.m ¡ 2º/m!.X 2 C r 2/º ¡ 1
2

¡
. pr/2

.m ¡ 2º/ m
U .º/

m ¡ 2

.m 6D 2º/ (14)

The initial terms necessary to start the preceding formula are given
by

U .º/

1 D
¡p

.2º ¡ 1/.X 2 C r 2/º ¡ 1
2

.15/

U .º/

2n D .º ¡ n ¡ 1/!p2n

.2n/! r 2.º ¡ n/

£
"

º ¡ n ¡ 1X

m D 1

.¡1/m

.2m C 2n C 1/m! .º ¡ m ¡ n ¡ 1/!

£
³

X
p

X2 C r 2

´2m C 2n C 1

C .2n ¡ 1/!! 2º ¡ 1

2n.2º ¡ 1/!!

#
.n < º/ (16)

and

U .º/

2º D ¡
p2º

.2º/!

"
ºX

m D 1

X 2m ¡ 1

.2m ¡ 1/.X 2 C r 2/m ¡ 1
2

C
¡p

X 2 C r 2 ¡ X
¢
#

(17)

The following de� nitions of the double factorial have been used:

.2n ¡ 1/!! D .2n ¡ 1/.2n ¡ 3/.2n ¡ 5/ : : : 1 .18/

and

.¡1 ¡ 2n/!! D .¡1/n

.2n ¡ 1/!!
.19/

Reduction to Steady-State Flow
The equationsfor steady-state� ow can be reducedfrom the equa-

tions for unsteady � ow by utilizing the � nal-value theorem of the
Laplace transform:

lim
t ! 1

wn.t/ D lim
p ! 0

pWn.p/ D lim
p ! 0

p

8¼

Z Z
`.»; ¾ /

p
K . p; M / d» d¾

(20)

where the symbols wn and ` denote the variable in the time domain
and the amplitude of the step lift function, respectively. Therefore,
the steady-state kernel can be obtained by putting p D 0 in the un-
steady � ow as shown in Table 2.

Continuity at Sonic Flow (M = 1)
From the forms of the kernel functions shown in Table 2, it is

dif� cult to tell whether they are continuousat M D 1. Some simple
manipulationsyield a clearerperspectiveas shown in Table 3, where
the kernel functionsvanish in the region of x0 < 0 for the sonic case.

The continuity of each kernel function listed in Table 3 can be
easily veri� ed if we consider the limit

lim
M ! 1

R D jx0j .21/

DPM at Sonic Flow
The kernel functionbecomes simply cylindricalfor sonic � ow as

shown in Table 3. If we take a technique similar to the supersonic
DPM, the normal wash due to a point doublet can be averaged by
an integration over the element area 1 as shown in Fig. 2:

wn D
1

8¼1

Z Z µ
.cos ° /

2
r 2

¡ z 0.y0 sin ° C z 0 cos ° /
4
r 4

¶
dx0 dy 0

(22)
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Table 2 Steady kernel functions

Kernel functions M < 1 M > 1

K1
M

Rd
C 1

d.d ¡ X/

M

Rd1
C M

Rd2
¡ 1

r2

³
X1

d1
¡ X2

d2

´

K2
M.3Rd ¡ M2r 2/

R3d3
C 2d ¡ X

d3.d ¡ X/2

M
±
3Rd1 ¡ M2r2

²

R3d3
1

¡
M

±
3Rd2 C M2r2

²

R3d3
2

¡ 3

r 4

³
X1

d1
¡ X2

d2

´
C 1

r4

³
X3

1

d3
1

¡
X 3

2

d3
2

´

Table 3 Continuity at M = 1

Kernel functions M < 1 M D 1 M > 1

K1
1 ¡ M2

R.R ¡ x0/
D

R C x0

Rr2

2

r2

2x0

Rr 2

K2
2R3 C 3x0 R2 ¡ x3

0

R3r4

4

r4

2x0

±
3R2 ¡ x2

0

²

R3r4

Fig.2 Integrationofnor-
mal wash.

The right-hand side of Eq. (22) can be integrated analytically by
utilizing the following primitive functions:

Z
1
r 2

dy D 1
jzj

tan¡1 y

jzj
;

Z
y

r 4
dy D

¡1

2.y2 C z2/
(23)Z

1
r 4

dy D
y

2z2.y2 C z2/
C 1

2z2jzj tan¡1 y

jzj

The � nal form of the normal wash becomes

wn D 1
8¼.2a/

³
¡2y 0

r 2
cos ° C 2z0

r 2
sin °

´­­­­
y0 D y0

2

y0 D y0
1

.24/

By followinga procedure similar to the supersonicDPM, lift distri-
butions in sonic � ow will be obtained with Eq. (24).

Numerical Examples
To examine the continuityof the numericalsolutionsby the DPM,

lift distributionswere calculated on rectangular wings with various
aspect ratios. The results for the lift curve slopes vs Mach number
are shown in Fig. 3, including the well-known analytical solutionof
the two-dimensional � ow depicted with dashed lines. The slender
wing theory,14 which is in a sensederivedfor sonic � ow and does not
show the effect of Mach number, may provide relevant references
near the unit Mach number. The theory gives

CL®
D .¼=2/AR .25/

where AR denotes the aspect ratio. The corresponding values of
Eq. (25) for three wings are plotted at M D 1 with solid sym-
bols. The results of the sonic DPM for the rectangular wings agree
well with those of the slender wing formula, and the dependency
on Mach number decreases as the aspect ratio becomes low. Be-
cause the continuity of the numerical solutions at sonic � ow is not
yet clear with these results, further calculations have been carried
out in the proximity of the unit Mach number. The detailed re-
sults are shown in Fig. 4. It can be said from the � gure that the

Fig. 3 Lift coef� cients of rectangular wings: , AR = 1; , AR = 2; ,
AR = 4; - - - -, two dimensional exact; and solid symbols, Eq. (25).

Fig. 4 Detail around M = 1: , AR = 1; , AR = 2; and , AR = 4.

Fig. 5 Location of aerodynamic center: , AR = 1; , AR = 2; and ,
AR = 4.
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Fig. 6 Lift coef� cients of swept wings: , TR = 1; , TR = 0:5; and
, TR = 0.

Fig. 7 Lift coef� cient of supersonic transport wing: , DPM.

numerical values obtained by the DPM are quite continuous at
M D 1. Three different kernel functions have been used for the so-
lutions of subsonic, sonic, and supersonic � ow with M D 0:99; 1;
and 1.01, respectively. Square panels with 20 chordwise elements
are used in these calculations. The change of aerodynamic center
is also shown in Fig. 5 for the same rectangular wings. It is well
known that the aerodynamic center is located at the quarter-chord
point in subsonic � ow and at the midchord point in supersonic � ow
for a two-dimensional airfoil that corresponds to an in� nite aspect
ratio wing. Figure 5 shows how the rectangularwing approachesthe

two-dimensional airfoil as the aspect ratio increases. The lift dis-
tribution of wings of all aspect ratios is concentrated at the leading
edge when the � ow becomes sonic. The results in the supersonic
region agree well with those of the analytical solution.15

The dependency of lift coef� cients on Mach numbers for several
swept wings is shown in Fig. 6. The wings have the same aspect
ratio 4 and a sweep-back angle of 45 deg of the leading edge with
different taper ratios (TR). These are the same wings as thosestudied
in Ref. 16 but with some slight difference in the results.

Finally, a typical result for a supersonictransportwing is depicted
in Fig. 7 along with the planform and elements used in the calcula-
tion. It can be seen that a smooth lift curve slope has been obtained
for all Mach numbers.

Conclusion
The pressure kernel functions of the lifting surface theory for

noncoplanar wings were summarized for all Mach numbers, and
their continuity at the sonic Mach number was clari� ed. Numeri-
cal examples using these kernel functions and the DPM also show
continuous results for the wings in steady � ow. Thus one can also
verify the continuity for unsteady � ow because it includes no sin-
gular parameter in the expansion series depending on the reduced
frequency.
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